
  

  
Abstract—In this work, a compound PDE approach is 

proposed in multiscale for speckle reduction of diagnostic 
Ultrasound (US) images, Satellite aperture radar (SAR) images 
and optical coherence tomography (OCT) images. In denoising 
process, it is always difficult to preserve discontinuities in one 
part of the image and simultaneously recovery of smooth areas 
in other part of image. Hence, combining different algorithms is 
the only way to improve the image restoration capability.  In 
this paper, coupled PDE, complex diffusion and second order 
non linear diffusion are applied to layers 1, 2 and 3 of Laplacian 
pyramid respectively. . In each pyramid layer, using robust 
median estimator, gradient threshold is estimated automatically. 
To limit the number of iterations, mean absolute error (MAE) 
between two adjacent diffusion steps is used as stopping criteria. 
Quantitative results on synthetic data and simulated phantom 
show the performance of the proposed method over state of the 
art methods. Results on real images demonstrate that the 
proposed method effectively suppresses the speckle and 
preserves edges & structural details of the image.  

 
Index Terms—Laplacian pyramid, compound PDE, coupled 

PDE, speckle reduction, multiscale analysis, US image, SAR 
image, OCT image. 

 

I. INTRODUCTION 
Speckle phenomenon is common to laser, sonar, synthetic 

aperture radar imagery (SAR), optical coherence tomography 
(OCT) and ultrasound (US) images. Speckle degrades the 
target detection ability and also reduces the speed and 
accuracy of post processing tasks such as segmentation and 
registration etc. Thus, speckle is considered as the dominant 
source of noise in US/SAR/OCT imaging and should be 
processed without affecting important image features. 

In image despeckling process, the preferred technique 
should not introduce any blurring effect on the image, and 
makes no changes or relocation to image edges. Various 
methods are available in the literature for despeckling [1]-[2], 
but most of the methods are reducing noise at the cost of 
smoothing the image and hence softening the edges. To 
overcome this problem, the partial differential equations 
(PDEs) –based methods have been introduced in the 
literature [3]-[4]. An image includes a series of regions in 
which different regions might have different standard 
deviations and in despeckling process, it is always difficult to 
preserve discontinuities in one part of the image and 
simultaneous recovery of smooth areas in other part of image. 
Hence, combining different algorithms is the only way to 
improve the image restoration capability. 
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Thus, in this paper, coupled PDE, complex diffusion and 
second order non linear diffusion are applied to layers 1, 2 
and 3 of Laplacian pyramid respectively. The reason for 
choosing a multi-scale approach is that various sized edges 
can be filtered properly using both spatial and frequency 
information. The proposed algorithm is especially efficient 
for speckle reduction where the noise energy is comparable to 
the signal energy in a wide range of frequency 

 

II. BACKGROUND 
The basic idea of PDE is to deform an image in a partial 

differential equation framework and to approach the expected 
result as a solution to this equation. Diffusion is generally 
defined as a physical process that equilibrates concentration 
differences without creating or destroying mass. This 
physical observation can be easily cast in a mathematical 
formulation. The equilibration property is expressed by 
Flick’s law: 

                                                         
IDj ∇−= .         (1) 

The diffusion only transport mass without destroying it or 
creating new mass and is expressed by the continuity 
equation as,  

                                jdivIt −=∂         (2) 

If we plug in Flick’s law into the continuity equation, we 
end up with the diffusion equation, 

).( IDdivIt ∇=∂                (3) 

The relation between I∇  and j  is described by the 
diffusion tensor D, a positive definite symmetric matrix. 

Second order PDE have studied as a useful tool for image 
enhancement and scale space analysis of image [3],  
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where ∇  is the gradient operator, .∇  is the divergence 
operator, ║ denotes the magnitude, )(xc  is the diffusion 
coefficient and I0 is the initial image.  

Later, the fourth-order partial differential equation is 
proposed in [4],  
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The advantage of using fourth-order PDE in image 
denoising is, it removes the blocky effects that made by 
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second-order nonlinearity diffusion equation. However, it 
requires more number of iterations to converge. 

Coupled PDE [5] is combination of second order and 
fourth order PDE that unites the advantages of the 
second-order and fourth-order PDEs. It avoids the blocky 
effects caused by second order PDE and it requires only 
minimum number of iterations compared to fourth order, thus 
it removes the noise and preserves the edges. 
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A non linear complex diffusion [6] is a process with a 
complex value diffusion coefficient. In this the imaginary 
value serves as edge detector, good noise handler and as a 
controller for non linear process. 
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Several multi-scale methods based on wavelet and 
pyramids have been proposed for speckle reduction in 
ultrasound imaging. The image pyramid offers a flexible and 
convenient multi-resolution format that mirrors the multiple 
scales of processing in the human visual system [7]-[8]. The 
basic classifications of pyramids are: Gaussian pyramid and 
Laplacian Pyramid. For an input image I , let its Gaussian 
pyramid at layer l be Gl, and its Laplacian pyramid at layer l 
be Ll, where l=0,1,2,…..d-1 and d is the total decomposition 
layer. The Gaussian and Laplacian pyramid can be defined 
as: 
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The Gaussian pyramid consists of a set of low pass filtered 
copies of the original image at different sizes, whereas the 
Laplacian pyramid decomposes the original image into a set 
of band pass images and a final low pass image. 
 

III. PROPOSED MULTISCALE COMPOUND PDE APPROACH 
The proposed multiscale compound PDE (MCP) method 

consists of four stages as shown in Fig.1.The operations are 
as follows:  

 

1)   Transformation of an image into its Gaussian pyramid 
domain representation. 

2)    Transformation of an Gaussian image into its Laplacian 
pyramid domain representation 

3)     Manipulation of pyramid coefficients by different PDEs:  
Layer 1: Coupled PDE or Permutated   

        Diffusion 
Layer 2: Complex diffusion 
Layer 3: Second order non linear   

        Diffusion 
4)     Reconstruction from the diffused Laplacian pyramid.  

 In the first step an image is decomposed into its pyramid 
structure of decreasing frequencies.  

The second step applies permutated diffusion, complex 
diffusion and second order non linear diffusion to layer 1, 2, 3 
respectively to each band pass layer of Laplacian pyramid to 
suppress speckle and to preserve edges. 

  

In the first layer that is on 0L , the permutated diffusion is 
applied to manipulate the coefficients as, 
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In the second layer  1L  coefficients are processed by 
complex diffusion,    
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In the third layer 2L  coefficients are manipulated by 

second order non linear diffusion, 
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Gradient threshold k  in all the three cases is estimated as 

follows, 
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where, l  represent the pyramid layer and the mean absolute 
derivative of zero mean normal distribution with unit 
variance is 0.6745. In the lowest pyramid layer large gradient 
threshold value is utilized since speckle is dominant. On the 
other hand, to preserve structure boundaries a small gradient 
threshold is applied in higher layers. 

A. Numerical Implementation 
Let the time step be tΔ and the spatial step be h in x, y 

directions. Then the time and space coordinates can be 
discretized as, 
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The image gradients are obtained from directional 
differences, 
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The Laplacian can be discretized as,
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The diffusion coefficient in (8),(9) & (10) can be 

calculated using (14).
         

Fig. 1. Block diagram of proposed multiscale compound PDE 
(MCP) approach

TABLE I: PERFORMANCE MEASURES

TABLE II: PERFORMANCE MEASURES

B. Stopping Criteria

One challenging task in diffusion process is deciding when 

the iteration is to be stopped. The mean absolute error (MAE) 

between two adjacent diffusion steps can be used to stop the 

iteration.
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where I(i, j, t) and I(i, j, t-1) are the filtered values of the pixel 

(i,j) at time t and t-1, respectively and M , N are the numbers 

of columns and rows in the processed image, respectively.

C. Image Quality Measures

To quantify the performance improvement of the proposed 

MCP approach, three measures are computed. The edge 

preservation ability is measured using figure of merit 

(FOM) ,
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where N and idealN are the numbers of detected and 

original edge pixels, respectively; id is the Euclidean 

distance, λ is a constant typically set to 1/9. Canny edge 

detector is used to find the edge in all processed results.

Second metric is mean square error in this metric, the 

smaller the MSE value, the better is the denoising process.
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Third, the structural similarity index (SSIM) is preferred as 

a quality assessment factor [9] that characterizes the 

luminance, contrast and structural changes,
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where, the standard deviation x and the mean intensity , 

covariance xy are calculated using local statistics within a 

total of N windows. Constants 1, 21 CC to ensure 

stability and N is chosen as 32. The SSIM has values in 

the 0 to 1 range, with unity representing structurally identical 

images. The SSIM values are calculated only for simulated 

images for which the original is available for comparison

(a)                                                 (b)

(c)                                           (d)

(e)                                              (f)

Fig. 2. Result on test image (a) original (b) noisy (c) SWWF (d) LPND (e) 
H-BM (f) proposed MCP

(a)                                     (b)                                       (c)



  

 

 

 
 

                                                                                                              

 

 

International Journal of Information and Electronics Engineering, Vol. 2, No. 6, November 2012

851

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

  

(d)                      (e)

  (f)      

Fig. 3. Result on OCT image (a) original (b) SWWF (c) LPND (d) H-BM (e) 
proposed MCP (f) profile along 180th column

(a)                             (b)                         (c)

(d)                         (e)

Fig. 4. Result on SAR image (a) original (b) SWWF (c) LPND (d) H-BM (e) 
proposed MCP

(a)                           (b)                           (c)    

(e)                                (f)

Fig. 5. Result on US image (a) original (b) SWWF (c) LPND (d) H-BM (e) 
proposed MCP

    
(a)

   
(b)

Fig. 6. Image profile along (a) 131st column in SAR image (b) 800th row 
image

IV. EXPERIMENT RESULT AND DISCUSSION

The performance of the proposed MCP approach is 

evaluated using artificial image and real US, SAR and OCT 

images. The results are compared with Laplacian pyramid 

based non linear diffusion (LPND)[10], stationary wavelet 

domain wiener filer (SWWF)[11] and homomorphic block 

matching (H-BM) algorithm [12]. The results on test and real

image are depicted in Fig. 2 to 6. Performance of the 

proposed MCP algorithm and the other state of the art 

methods on OCT finger skin image, SAR terrace image and 

real US are listed in table. The table values and the image 

profile indicate that our proposed MCP model shows 

advantage over the three methods in terms of speckle 

reduction, edge preservation and structural detail 

conservation.

V. CONCLUSION

In this work, a new multiscale compound PDE approach is 

proposed for speckle reduction, Speckle is a common issue in 

US, OCT and SAR images. Moreover, a single algorithm 

may fail to perform simultaneously the discontinuities and 

fine details preservation as well as effective speckle 

reduction. Hence, in this work, three different algorithms are 

applied to the coefficients of Laplacian pyramid layers 

depending upon the existence of the degree of speckle. We 

experiment our proposed MCP method on all three types of 

images along with a set of test images. The performance of 

the proposed method is quantified over three recently 

proposed multiscale methods through different metrics. 

Experiment results indicate this method has better 

satisfactory performance in terms of speckle reduction and 

detail preservation than other methods. Furthermore it can be 

easily implemented and robust.
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