
  

 

Abstract—Unlike traditional one-way K-means clustering, 

co-clustering simultaneously cluster both data points and 

features of a two-dimensional data matrix. It is a powerful data 

analysis technique that can discover latent patterns hidden 

within particular rows and columns. Accordingly, co-clustering 

has been successfully applied to varied domains, including, but 

not only limited to, text clustering, microarray analysis, speech 

and video analysis, and natural language processing. Assuming 

a whole data matrix is available, usual co-clustering algorithm 

updates all row and column assignments in batch mode. In this 

paper, we develop an online incremental co-clustering 

algorithm that can update both row and column clustering 

statistics on the fly only for each available data point; thus, the 

proposed algorithm can handle stream data collected from 

sensor networks or handheld devices. Characteristics among 

batch, mini-batch, and online clustering and co-clustering 

algorithms are discussed and future work is provided. 

 
Index Terms—Batch, mini-batch, incremental, online 

co

 

I. INTRODUCTION 

Nowadays the amount of data from scientific and 

commercial sources continues to ever evolve at an 

unprecedented rate. Extracting latent patterns from a given 

data becomes the first and the necessary step to explore the 

nature of data under study. However, processing the 

explosive amount of data is very challenging because of 

massive storage requirement as well as demanding 

computational complexity. In an effort to remedy storage 

and/or computing demand, researchers have proposed ideas 

such as efficient indexing using locality sensitive hashing [1] 

and parallelization of machine learning and data mining 

algorithms [2]–[4] using map-reduce [5]–[6] and/or using 

graphics processing units (GPUs) or multicores [7]–[9], to 

name a few. 

In general, clustering has been employed to conduct the 

exploratory data analysis and to summarize large quantities 

of high-dimensional data. Traditional “single-sided” 

clustering focuses on only either row or column dimension, 

while co-clustering targets both object and feature 

dimensions and seeks “blocks” (or “co-clusters”) of 

inter-related objects and features by alternating object 

clustering into feature clustering, and vice versa. 

Co-clustering is a novel exciting unsupervised data analysis 

paradigm that utilizes the duality of both the dimensions, 

discovers latent patterns, reduces dimensionality implicitly, 

generates compact representation, and reduces overall 

running time [10]–[12]. Although relatively newly developed, 
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co-clustering is considered more desirable than traditional 

clustering. In addition, because of these desirable 

characteristics and the theoretical maturity, it has shortly 

become popular for diverse applications in web mining, 

image retrieval, recommendation, bioinformatics, 

pervasive/ubiquitous computing [10], [13]–[17] and more 

applications are expected. Other interesting applications of 

co-clustering algorithms can be found in the survey [18]. The 

authors of this paper have led the co-clustering research by 

developing state-of-the-art co-clustering algorithms and 

further highlighted the potential of co-clustering framework 

as an indispensable data exploratory analysis tool with varied 

advanced algorithmic strategies [10], [14], [15], [19]. 

    This paper aims to further improve currently existing 

co-clustering algorithm so that it can efficiently handle 

streaming data. The answer is to adopt the “online” learning 

strategy, where “online” in this context means that the whole 

data is not available at the beginning. Therefore,  an online 

algorithm does not keep the whole data in storage or in main 

memory, but it processes the available data one by one 

incrementally, only updating the affected statistics and 

keeping aggregates or necessary information. Ideally it also 

does this in a single pass, i.e. it just processes each instance 

(i.e., data point) at a time. The theory then goes that if enough 

data is available over some period of time, the 

characteristics/patterns of the data may still be captured; thus, 

grouping/class information latent in the whole data processed 

over time can be identified. Accordingly, this online 

update/learning fits well for many realistic scenarios in 

incremental data mining and machine learning problems. 

The rest of this paper is organized as follows: In Section II, 

we discuss the paradigm-shift from batch to online learning, 

where we briefly compare offline learning with online 

learning. In Section III, we describe batch, mini-batch, and 

online clustering algorithms. Then, we provide details of 

batch, mini-batch, and online co-clustering algorithms, 

which are main topics, in Section IV. We discuss the 

experimental details with simulated data in Section V. Finally, 

the paper is concluded with some remark in Section VI. 

 

II. BACKGROUND 

A. Paradigm-Shift from Offline to Online Learning 

Traditional machine learning algorithms process and 

analyze the data in batch (or offline) mode, where the whole 

data is assumed to be available and processed at once; thus, 

the aforementioned challenges in storage and computation 

demand need to be addressed. To help mitigate this difficulty, 

online machine learning has been developed to operate the 

data in online, or one-pass streaming settings, rather than in 

offline. Although the main idea of online learning goes back 
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to the 50s [20], online machine learning [21] has become of 

great interest to researchers and practitioners due to the rapid 

surge of large scale practical applications in data mining and 

ubiquitous/pervasive computing. Some applications include, 

but not limited to, webpage ranking, online advertisement, 

stock prediction, recommendation system, spam E-mail 

filtering, and so on. The goal of online learning is to design 

light-weight algorithms in terms of both memory and speed, 

dealing with inputs coming over time with no further 

information available at once and thus resulting in accurate 

predictions over the streaming data.  

B. Offline vs. Online Learning 

In offline learning (also called as epoch learning), all the 

data are stored and can be accessed repeatedly. Batch 

learning is always offline. With offline learning, the 

objective function for any fixed set/dimension of statistics 

can be computed at each batch update and thus the progress 

of the learning can be observable, upon computing the (local) 

minimum/maximum of the objective function to any desired 

precision. In online learning, each object/case is discarded 

after it is processed and the affected statistics are updated, 

and thus online training is always incremental. With online 

learning, the progress of objective function values and the 

computation of the minimum/maximum objective function 

value do not make much sense, because the whole data is not 

considered in batch, but just each instance available at a time 

is processed. Accordingly, online learning is generally 

considered to be more difficult and unreliable than offline 

learning. However, notice that incremental learning can be 

done either offline or online. Offline incremental learning 

does not have the aforementioned difficulties with online 

learning. 

III.

 

ONE-WAY K-MEANS CLUSTERING

 

 

TABLE
 

I:
 

K-MEANS

 

(a) Offline Batch K-means
 

(Assume whole data is available.)
 

Step 1
 

Initialize row assignment
 
and statistics.

 

Step 2
 

Repeat till convergence:
 

Step 2.1
 

        Update all row
 
assignments.

 

Step 2.2
 

        Update all
 
row

 
statistics.

 

(b) Offline Mini-batch K-means
 

(Assume whole data is available.)
 

Step 1
 

Initialize row assignment
 
and statistics.

 

Step 2
 

Repeat till convergence:
 

Step 2.1
 

        Update (randomly selected)
 
row

 
assignments.

 

Step 2.2
 

        Update affected
 
row

 
statistics.

 

(c)
 
Offline

 
Incremental K-means

 

(Assume whole data is available.)
 

Step 1
 

Initialize row assignment
 
and statistics.

 

Step 2
 

Repeat till convergence.
 

 
        Do the following for every row:

 

Step 2.1
 

                Update a row
 
assignment.

 

Step 2.2
 

                Update affected row
 
statistics.

 

(d)
 
Online Incremental K-means

 

(Assume new row is streamed.)
 

Step 1
 

Initialize row
 
assignment

 
and statistics to be empty.

 

Step 2
 

Repeat for each data available:
 

Step 2.1
 

        Update a row
 
assignment.

 

Step 2.2
 

        Update affected row
 
statistics.

 

 

One-way clustering, also known as K-means, targets one 

dimension and concentrates on grouping “similar” objects (at 

rows) or features (at columns), based on similarities amongst 

their features or objects. Different types and steps of one-way 

K-means clustering are described in Table I. 

A. Offline Batch K-Means 

Assuming the entire data are available throughout the 

whole learning process, K-means aims to partition n objects 

(at rows) into k clusters. Every object is assigned to one of k 

clusters and then initial statistics (i.e., centroids) are obtained 

(Step 1 of Table I(a)). Note other elaborate initialization 

heuristics can be applied. Based on distances between each 

object to all cluster centroids, all objects are re-assigned to 

the nearest cluster (Step 2.1) and then all statistics are 

updated (Step 2.2). This one full cycle (epoch) is repeated 

until satisfying one of the two convergence criteria (i.e., 

maximum iteration number or/and objective function value 

change).  

B. Offline Mini-Batch K-Means 

Every object is assigned to one of k clusters and then initial 

cluster centroids are calculated (Step 1 of Table I(b)). Based 

upon distances between each of randomly selected objects 

(i.e., mini-batch) [22], the selected objects are re-assigned to 

the cluster with minimum distance (Step 2.1) and then the 

affected cluster centroids are calculated (Step 2.2). This 

process is repeated until satisfying one of the aforementioned 

convergence conditions. 

C. Offline Incremental K-Means 

Every object is assigned to one of k clusters and initial 

cluster centroids are calculated (Step 1 of Table I(c)). Then, 

for every object, its cluster assignment and the update of 

affected statistics are performed incrementally, which is the 

one whole round of incremental update (i.e., Steps 2.1 and 

2.2 for every object). This process is repeated until it satisfies 

one of the convergence conditions.  

D. Online Incremental K-Means 

Online refers to continuous stream of data; thus, it is 

always incremental as aforementioned. Parameter k is set to 

be 0 at the beginning [23], [24] so as to specify no cluster yet 

(Step 1 of Table I(d)). The initial data point or the first object 

that comes in itself is assigned as the first cluster and the data 

itself becomes the first centroid. When a new data point or 

object comes in, the distance between the recent object and 

the existing cluster centroids are calculated. The object is 

then re-assigned to the existing cluster if its distance to the 

cluster is smaller than the distance threshold value 

(predefined at the beginning). Otherwise, it is assigned as a 

new cluster. The gist of online mode is that the algorithm 

only needs to remember the statistics (e.g., mean and size) of 

each cluster. Once these variables are updated, each data 

point from a stream does not need to be kept in main memory. 

Furthermore, the hidden parameter k can be controlled by 

adjusting the distance threshold value. For example, if the 

threshold value is set to be higher than earlier one, the 

algorithm will generate less k.  

 

IV. CO-CLUSTERING 

Co-clustering targets both the row and column dimensions 
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and concentrates on grouping by rows and columns that are 

similar, respectively. The most important step is that the row 

cluster centroid and the column cluster centroid are 

calculated from the co-cluster centroid, which is in fact the 

main difference from the usual K-means algorithm. 
 

TABLE II: CO-CLUSTERING 

 (a) Offline Batch Co-clustering 

(Assume whole data is available.) 

Step 1 Initialize row/column assignment and statistics. 

Step 2 Repeat till convergence: 

Step 2.1         Update all row assignments. 

Step 2.2         Update all cocluster and row statistics. 

Step 2.3         Update all column assignments. 

Step 2.4         Update all cocluster and column statistics. 

 (b) Offline Mini-batch Co-clustering 

(Assume whole data is available.) 

Step 1 Initialize row/column assignment and statistics. 

Step 2 Repeat till convergence: 

Step 2.1         Update (randomly selected) row assignments. 

Step 2.2         Update affected cocluster and row statistics. 

Step 2.3         Update all column assignments. 

Step 2.4         Update all cocluster and column statistics. 

 (c) Offline Incremental Co-clustering 

(Assume whole data is available.) 

Step 1 Initialize row/column assignment and statistics. 

Step 2 Repeat till convergence: 

         Do the following for every row: 

Step 2.1                 Update a row assignment. 

Step 2.2                 Update affected cocluster and row statistics. 

        Do the following for every column: 

Step 2.3                 Update a column assignment. 

Step 2.4                 Update affected cocluster and column statistics. 

 (d) Online Incremental Co-clustering 

(Assume each row is streamed.) 

Step 1 Initialize row/column assignment and statistics to be empty. 

Step 2 Repeat for each data available: 

Step 2.1         Update a row assignment. 

Step 2.2         Update affected cocluster and row statistics. 

        Do the following for every column: 

Step 2.3                 Update a column assignment. 

Step 2.4                 Update affected cocluster and column statistics. 

 

A. Offline Batch Co-Clustering 

With the assumption of whole data availability at the 

beginning, currently existing offline batch co-clustering 

approaches [15]–[17] are composed of two main processes at 

each iteration, including the cluster assignment of whole 

rows and the update of affected row statistics (Steps 2.1 and 

2.2 of Table II(a)), and the cluster assignment of whole 

columns and the update of affected column statistics (Steps 

2.3 and 2.4). The iteration repeats until stopping criteria are 

satisfied.  

B. Offline Mini-Batch Co-Clustering 

Like offline mini-batch K-means, k and ℓ are given as 

inputs. It starts with initial k row clusters, ℓ column clusters, 

and the corresponding co-cluster statistics (Step 1 of Table 

II(b)). Based on distances between each of selected objects 

(i.e., mini-batch) and the row cluster centroids, each of the 

selected objects is re-assigned to the row cluster with 

minimum distance (Steps 2.1 and 2.2). Similarly, the column 

cluster update step is followed (Steps 2.3 and 2.4). This 

process is repeated until convergence. 

C. Offline Incremental Co-Clustering 

Like offline incremental K-means, k and ℓ are assumed at 

the beginning. It starts with initial k row clusters and ℓ 

column clusters, both of which are calculated from the 

corresponding co-cluster statistics (Step 1 of Table II(c)). 

Each row is re-assigned to the row cluster with minimum 

distance and both the affected cocluster and row statistics are 

incrementally updated (Steps 2.1 and 2.2). After one row 

update, the corresponding column is updated (Steps 2.3 and 

2.4). This process is repeated until convergence. 

 
(Initialization Step) 

Set row and column thresholds, rowThreshold and colThreshold. 

Initialize co-cluster centroid with the first data. 

Compute row centroid from co-cluster centroid. 

Set both row and column cluster sizes to be 1 (i.e., k=1 and ℓ=1). 

(Online and Incremental Update) 

For each data point from stream do: 

        (Online Row Assignment) 

        Compute minDistance to row centroid. 

        If minDistance > rowThreshold: 

                (Introduce New Row Cluster) 

                Update co-cluster centroid with new row centroid. 

                Increase row cluster size by 1 (i.e., k++). 

        Else: 

                (Assign into Old Row Cluster) 

                Update co-cluster centroid from row assignment. 

        (Incremental Column Assignment) 

        Compute column centroid from co-cluster centroid. 

        For each column of all the rows do: 

               Compute minDistance to column centroid. 

               If minDistance > colThreshold: 
                       (Introduce New Column Cluster) 

                       Update co-cluster centroid with new column centroid. 

                       Increase column cluster size by 1 (i.e., ℓ++). 

               Else: 

                       (Assign into Old Column Cluster) 

                       Update co-cluster centroid from column assignment. 

                       Compute column centroid from co-cluster centroid. 

        Compute row centroid from co-cluster centroid. 

Fig. 1. Online row clustering followed by incremental column clustering. 

 

D. Online Incremental Co-Clustering 

The proposed work is inspired by online incremental 

K-means (Table I(d)), where online K-means does not 

require whole data, letting each data come and go away. To 

be more specific, the statistics for each new instance are 

updated at each time, rather than those for all data are updated 

at once. This is particularly desirable when the instances are 

gradually obtained over some period of time; however we 

want to start learning (i.e., clustering) data before we have 

seen all of the instances. Therefore, the concept of “online” 

learning offers us the flexibility of updating only the affected 

statistics (e.g., centroids, cluster sizes, etc.) as each new data 

point arrives. In this paper, we extend this online learning 

idea to Minimum Sum-Squared Residue Co-clustering 

(MSSRCC) [10], which belongs to the general co-clustering 

framework, called Bregman Co-clustering (BCC) [11], as 

shown in Table II(d).  

Motivated by the heuristic used in [23], [25]–[27], we can 

elaborate Steps 2.1 and 2.2 in Table II(d) so as to find the row 

cluster that a new row belong to as follows. If the similarity 

between a row and the closest row cluster is greater than the 

specified row threshold (denoted as rowThreshold) as 

described at (Online New Assignment) of Fig. 1, create a 

new row cluster for the data (Introduce New Row Cluster), 

which will be a singleton cluster with the new row only. 

Otherwise, update the affected statistics of the closest row 

cluster that already exists, accordingly (Assign into Old 
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Row Cluster). The idea behind this heuristic is that if a data 

is not close (or similar) enough to belong to one of existing 

clusters, then we create a new cluster since the data different 

from other data in terms of the specified threshold. Therefore, 

we can control number of row clusters as well as number of 

column clusters by adjusting both the row and column 

thresholds. The same scenario can be applied to find column 

clusters at Steps 2.3 and 2.4 in Table II(d).  

 

 

 

 
Fig. 2. Monotonicity of batch, mini-batch, and incremental K-means

algorithms. Three clusters (i.e., k=5, 10, and 15) are considered. Note that 

mini-batch size of (b) batch K-means is set to be 20. 

 

The proposed co-clustering algorithm (Fig. 1) performs 

online row clustering, followed by incremental column 

clustering. As in [23], [26], both the number of row clusters 

(i.e., k) and the number of column clusters (i.e., ℓ) are not 

determined; thus, 0k   at the beginning. Both row and 

column threshold values have been set to be very small real 

values, respectively. Remember that online learning assumes 

that each instance comes in over each time. The instance (or 

feature) that comes first in itself is assigned as the first row 

(or column) cluster and the data itself becomes the first 

co-cluster centroid. Note that both the row and column 

cluster centroids are calculated from the co-cluster centroid. 

 

 

 

 
Fig. 3. Monotonicity of batch co-clustering algorithm. Three cases are 

considered: (a) fixed row cluster, (b) fixed column cluster, and (c) same row 

and column cluster numbers.   

 

After then, the distance between the recent instance and 

the cluster centroids are calculated. The instance is 

re-assigned to the existing cluster if its distance to the closest 

cluster is smaller than the threshold value. Otherwise, it is 
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assigned as a new cluster. Like online K-means, the 

algorithm only needs to remember the mean and the size of 

affected row (or column) clusters and co-clusters. Once these 

statistics are updated, each data point will not be kept in main 

memory. Furthermore, as explained before, the resulting k 

and ℓ can be exploited by adjusting row and column threshold 

values, respectively. For example, if high threshold values 

are set, less numbers of row and column clusters will be 

generated. 

 

 

 

 
Fig. 4. Monotonicity of mini-batch co-clustering algorithm. Three cases are 

considered: (a) fixed row cluster, (b) fixed column cluster, and (c) same row 

and column cluster numbers. 

 

V. EXPERIMENTAL RESULT 

The aforementioned algorithms, including (offline) batch, 

(offline) mini-batch, (offline) incremental, and online 

(incremental) algorithms for K-means and Co-clustering, 

respectively, are implemented in Python. Their correctness 

was validated with various randomly generated real-valued 

data matrices. However, our discussion targets one specific 

real-valued dataset, „LIBRAS Movement Dataset,‟ which 

contains 360 instances and 90 features. There exist 15 classes 

of hand movement types and each class has 24 instances. 

 

 

 

 
Fig. 5. Monotonicity of incremental co-clustering algorithms. Three cases are 

considered: (a) fixed row cluster, (b) fixed column cluster, and (c) same row 

and column cluster numbers. 

 

The dataset was originally generated for classification of 

the official Brazilian sign language [28] and is publicly 

available at the UCI Machine Learning Repository 

(https://archive.ics.uci.edu/ml/datasets/Libras+Movement).  
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Fig. 2 depicts the change of objective function values with 

5, 10, and 15 row clusters for the three K-means algorithms. 

To be specific, Fig. 2(a) shows that the objective function 

value of batch K-means monotonically decrease as iteration 

increases for all the considered row clusters. Similarly, Fig. 

2(b) and Fig. 2(c) illustrate the monotonicity of objective 

function value change for mini-batch K-means and 

incremental K-means, respectively. 

 

 

 
Fig. 6. Threshold value vs. resulting cluster number. Note that the horizontal 

line in (a) denotes the row threshold value (i.e., 3.5) for the experiment.  

 

Fig. 2(b) shows the trace of objective function values with 

the specific mini-batch size of 20; thus, iteration number can 

be changed with varied mini-batch sizes. Each K-means 

algorithm goes through a different number of iterations to 

converge, however we have witnessed that mini-batch (Fig. 

2(b)) generally requires more iterations than the other two 

algorithms (Fig. 2(a) and Fig. 2(c)). In fact, direct 

comparison of iteration number does not make much sense, 

because each algorithm processes different number of data 

points. To be more specific, batch, mini-batch, and 

incremental algorithm handles whole data points, selected 

data points (i.e., mini-batch), and only one data point, 

respectively. Therefore, we can expect that batch algorithm 

takes longest time and incremental one takes least time for 

each iteration. 

Interestingly, mini-batch K-means slowly converges 

without much change of objective function values over the 

whole process, while both batch and incremental ones have 

much change of objective function values during the a couple 

of initial iterations and converge slowly as iteration number 

increases. The initial change seems to be critical to overcome 

local optima. It is well known that usual clustering algorithms 

improve their objective function values more at early stages 

because of many new cluster assignments or changes.      

– Fig. 

function value change with the three co-clustering algorithms. 

The monotonicity of objective function value change for the 

incremental update with co-clustering (i.e., Figs. 3(c), 4(c), 

and 5(c)) was already proved in [29]. For the three 

co-clustering algorithms, the objective function value 

changes were measured with the following three scenarios: (1) 

k = 5, 10, and 15, with fixed ℓ=15; (2) ℓ = 5, 10, and 15, with 

fixed k = 15; and (3) k = ℓ = 5, 10, and 15. For all the 

scenarios, the monotonicity of objective function value 

change is observed. This observation is consistent with the 

proof in [29], where this property was also suggested to 

remove the degeneracy problem (i.e., empty clusters) in usual 

clustering algorithms. Like the min-batch K-means in Fig. 

2(b), mini-batch co-clustering in Fig. 4 requires more 

iteration to converge, slowly converges over the whole 

iteration, and results in worse local minima than the ones that 

batch and incremental co-clustering algorithms achieve. 

Fig. 6 demonstrates the effect of (row) threshold value on 

the number of (row) clusters for online K-means. Note that 

the thick horizontal line in Fig. 6(a) denotes the specific row 

threshold value of 3.5, with which the algorithm results in the 

actual 15 row clusters in the dataset. As discussed before, 

rows are far (i.e. more than the row threshold value) to the 

closest row cluster will introduce new singleton clusters, 

while rows are close enough (i.e., less than the row threshold 

value) to the closest row cluster will belong to one of exising 

row clusters. As shown in Fig. 6(b), by increasing (or 

deceasing) row/column threshold value to violate (or satisfy) 

the condition, “If minDistance > rowThreshold:,” one can 

adjust the resulting row/column cluster number.   

 

VI. CONCLUSION AND REMARK 

The contribution of the proposed approach can be 

summarized as follows. First, we compare and contrast 

characteristics of batch, mini-batch, incremental, and online 

algorithms for both K-means and co-clustering. As the online 

co-clustering algorithm avoids repeated distance or similarity 

comparisons between every data point and every cluster 

centroid, it has a desirable property of the handling online 

stream data generated from sensor networks. In particular, 

online incremental co-clustering algorithm is able to identify 

latent local patterns among particular contexts and different 

conditions for each data point. In addition, once the row and 

column threshold values are set, no explicit user input for the 

resulting numbers of row and column clusters is necessary, 

since both the numbers can be automatically determined. 

In this paper, we emphasize more on algorithm 

implementation than on theoretical analysis; thus, rigorous 

theoretical analysis on storage and complexity requirement 

for the considered algorithms is necessary. Comprehensive 

experimental study should be performed with actual datasets 

with ground truth class labels and the clustering performance 

should be validated with explicit performance measures.  
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Fig. 3 5 also display the monotonicity of objective 
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The proposed framework is particularly based upon 

Minimum Sum-Squared Residue Co-clustering (MSSRCC) 

[10]. Therefore, the approach can be extended to the general 

co-clustering framework of Bregman Co-clustering (BCC) 

algorithms [11]. To do so, we need to investigate what 

summary statistics of each instance are affected and how they 

can be efficiently updated for each instance. Furthermore, it 

is interesting to see if the resulting online co-clustering 

algorithms can be used to improve other learning processes.
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